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Recursion operators
The equation: Lt
.
= [F∗,L]
1 PDE: ut = F(u,ux ,uxx , . . . ,uN)
Variational equation: Dtφ = Fuφ+ Fuxφx + · · ·+ FuNφN
Linearisation operator F∗:
F∗ := Fu + FuxDx + · · ·+ FuNDNx .
2 L is a recursion operator. L = L(u,ux ,uxx ,uxxx , . . .).
Notation
.
= implies “on shell”, substitute t-derivatives with the
equation.
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Notation
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= implies “on shell”, substitute t-derivatives with the
equation.
Recursion operators
The equation: Lt
.
= [F∗,L]
1 Linear: L1 + L2 is a recursion operator.
2 Product: L1 · L2 is a recursion operator.
[F∗,L1L2] = F∗L1L2 − L1L2F∗
= F∗L1L2 − L1F∗L2 + L1F∗L2 − L1L2F∗
= [F∗,L1]L2 + L1[F∗,L2] = (L1)tL2 + L1(L2)t = (L1L2)t
3 Identity: it is a recursion operator.
4 Inverse: L−1 (?) is a recursion operator.
Pseudodifferential operators are the natural choice.
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Recursion operators
The equation: Lt
.
= [F∗,L]
A pseudodifferential operator (D := Dx)
L = lMD
M + lM−1DM−1 + · · ·+ l0 + l−1D−1 + · · ·
satisfying the equation is a formal recursion operator of ut = F.
Algebra of pseudodifferential operators
If H = H(u,ux , . . . ,uk) is a differential (matrix) function
D i ·H =
∞∑
j=0
(
i
j
)
D j(H)D i−j , i ∈ Z
and D acts on H as a total derivative
D(H) = Huux + Huxuxx + · · ·+ Hukuk+1.
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Definition
A PDE ut = F(u,ux ,uxx , . . . ,uN) is integrable if it admits a formal
recursion operator.
Example (KdV equation)
ut = uxxx + 6uux
admits the (non-formal) recursion operator
L = D2x + 4u + 2uxD
−1
x
Recursion operators: the scalar case
The equation: Lt
.
= [F ∗, L]
Formal recursion operators
The solutions to Lt = [F
∗, L] are series (ci ∈ C)
L = cn(L1)
n + cn−1(L1)n−1 + · · ·+ c0 + c−1(L1)−1 + · · ·
L1 = (F
∗)1/N + l0 + l−1D−1 + · · · : particular solution of order 1. (F ∗)1/N
is the N-th root of F ∗.
5. N-th root: L1/ ord(L) is a recursion operator.
Centraliser: solutions to [F ∗, L] = 0
Set L1 = (F
∗)1/N to get
L = cn(F
∗)n/N + cn−1(F ∗)n−1/N + · · ·+ c0 + c−1(F ∗)−1/N + · · ·
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Recursion operators: the matrix case
The equation: Lt
.
= [F∗,L]
Mikhailov, Shabat, Sokolov
Uncoupling of F∗, L through a gauge transformation if the leading term
in F∗ has distinct nonzero eigenvalues.
The NLS equation
ut = uxx + u
2v
vt = − vxx + v2u
}
F∗ =
(
1 0
0 −1
)
D2 +
(
2uv u2
v2 2uv
)
can be treated this way.
Recursion operators: the matrix case
The equation: Lt
.
= [F∗,L]
Equations utt = f (u, ut , ux , utx , . . . , un, utn)
ut = v
vt = f (u, v , ux , vx , . . . , un, vn)
}
F∗ =
(
0 1
U V
)
U = fu + fuxD + · · ·+ funDn
=: u0 + u1D + · · ·+ unDn
,
V = fut + futxD + · · ·+ futnDn
=: v0 + v1D + · · ·+ vnDn
admit formal recursion operators of the form
L =
(
L M
L̂ M̂
)
L̂ = Lt + MU,
M̂ = Mt + MV + L
Recursion operators for equations utt = F
The equation: Lt
.
= [F∗,L]
Equations utt = f (u, ut , ux , utx , . . . , un, utn)
ut = v
vt = f (u, v , ux , vx , . . . , un, vn)
}
F∗ =
(
0 1
U V
)
L =
(
L M
L̂ M̂
)
Scalar formal recursion operator R = L + M Dt
R = L + M Dt H := D2t − U − V Dt
If R := L + 2Mt + [M,V ] + MDt ⇒ H · R .= R · H
Ltt − VLt + [L,U] + 2MtU + MUt + [M,V ]U .= 0
Mtt − VMt + [L,V ] + 2MtV + MVt + [M,V ]V + 2Lt + [M,U] .= 0
Recursion operators for equations utt = F
Scalar formal recursion operator R = L + M Dt
H := D2t − U − V Dt R = L + M Dt H · R .= R · H
Operations with pseudodifferential operators
1 Addition.
2 Product: modulo D2t → U + V Dt
(L1 + M1Dt) · (L2 + M2Dt) := L1 · L2 + M1 · (L2)t + M1 ·M2 · U
+
[
L1 ·M2 + M1 · L2 + M1 · (M2)t + M1 ·M2 · V
]
Dt
3 Inverse if R 6= 0.
Recursion operators for equations utt = F
Computation of recursion operators
R := L + MDt
H · R .= R · H
L = lkD
k + lk−1Dk−1 + · · ·+ liD i + · · · ,
M = mk−1Dk−1 + mk−2Dk−2 + · · ·+ mjD j + · · ·
Dk+2 : (k − 1)mk−1Dxu4 − 4u4Dxmk−1 = 0. mk−1 = µk−1u(k−1)/44
Dk+1 :
mk−2 = µk−2u
(k−2)/4
4
+ µk−1u
(k−2)/4
4
[
k − 1
4
u3
u
3/4
4
+
(k − 1)(k − 5)
8
Dxu4
u
3/4
4
]
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Computation of recursion operators
R := L + MDt
H · R .= R · H
L = lkD
k + lk−1Dk−1 + · · ·+ liD i + · · · ,
M = mk−1Dk−1 + mk−2Dk−2 + · · ·+ mjD j + · · ·
Dk :
Dx
[
u
−k/4
4 lk
]
= µk−1
[
k − 1
4
Dx
(
v1
u
1/4
4
)
− k + 1
2
Dt
(
1
u
1/4
4
)]
Dx
[
u
−k/4
4 lk + µk−1
k − 1
4
v1
u
1/4
4
]
= Dt
[
−µk−1 k + 1
2
1
u
1/4
4
]
lk = λku
k/4
4 + µk−1
[
k − 1
4
u
(k−1)/4
4 v1 −
k + 1
2
u
k/4
4 σ0
]
1 Integrability condition as a conservation law: Dt
1
u
1/4
4
= Dxσ0
2 If µk−1 = 0 ⇒ lk = λkuk/44 .
Recursion operators for equations utt = F
Computation of recursion operators
R := L + MDt
H · R .= R · H
L = lkD
k + lk−1Dk−1 + · · ·+ liD i + · · · ,
M = mk−1Dk−1 + mk−2Dk−2 + · · ·+ mjD j + · · ·
Two types of operators
1 Li = ui/44 D i + · · ·+
[(
i
4u
(i−4)/4
4 v1 − i2σ0u
(i−3)/4
4
)
D i−3 + · · ·
]
Dt
2 Mj =
[
j
4u
j/4
4 v1 − j+22 u
(j+1)/4
4 σ0
]
D j+1 + · · ·+
[
u
j/4
4 D
j + · · ·
]
Dt
Recursion operators for equations utt = F
Computation of recursion operators
R := L + MDt
H · R .= R · H
L = lkD
k + lk−1Dk−1 + · · ·+ liD i + · · · ,
M = mk−1Dk−1 + mk−2Dk−2 + · · ·+ mjD j + · · ·
Lemma
1 Li = Li1 for all i ∈ Z.
2 M2j =M2(j+2)−1 = L2(j+2)1 for all j ∈ Z.
3 Notice that L0 =M2−2 = 1.
4 L1M−1 =M−1L1 =M0.
5 Mj =M−1Lj+11 =M0Lj1.
Recursion operators for equations utt = F
Theorem
Any formal recursion operator R = L + MDt can be written as
R = λkLk1 + λk−1Lk−11 + · · ·+
[
µlM0Ll1 + µl−1M0Ll−11 + · · ·
]
Dt
where λi , µj are constants.
Lemma
Any pseudodifferential operator O = A + BDt can be written as
O = akLk1 + ak−1Lk−11 + · · ·+
[
blM0Ll1 + bm−1M0Ll−11 + · · ·
]
Dt
where ai , bj are appropriate differential functions.
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Recursion operators for equations utt = F
In particular
Dx = ρ1L1 + ρ0 + ρ−1L−11 + · · ·+ pi−2M0L−21 + pi−3M0L−31 + · · ·
Dt = σ1L1 + σ0 + σ−1L−11 + · · ·+ θ0M0 + θ−1M0L−11 + · · ·
and, thus, from Dx · Dt = Dt · Dx it follows that the integrability
conditions are conservation laws.
Theorem
The conditions of integrability of
utt = f (u, ux , . . . , un, ut , utx , . . . , qtm)
i.e. the conditions of existence of local formal recursion operators Li , Mj
have the form of conservation laws
Dtρi = Dxσi .
Classification of integrable equations utt = F
Explicit integrability conditions
The integrability conditions Dtρi = Dxσi admit an explicit, recursive
expression in terms of the equation.
ρ0 =
1
u
1/4
4
, ρ1 =
u3
u4
, ρ2 =
v1√
u4
− 2 σ0
u
1/4
4
ρ3 = −3v1Dxu4
2u
5/4
4
− 2σ1
u
1/4
4
− 4v0
u
1/4
4
+
u3v1
u
5/4
4
ρ4 =
5 (Dxu4)
2
u
7/4
4
− 12u3Dxu4
u
7/4
4
− 16σ
2
0
u
1/4
4
− 16σ2
u
1/4
4
− 4v
2
1
u
3/4
4
− 32u2
u
3/4
4
+
12u23
u
7/4
4
ρ5 = σ0ρ4 − σ4ρ0
· · ·
Classification of Lagrangians
Lagrangian L = L(u, ut , ux , uxx) ⇒ Euler-Lagrange Equations:
∂L
∂u
− Dt ∂L
∂ut
− Dx ∂L
∂ux
+ D2x
∂L
∂uxx
+ · · · = 0
Concretely L = 12L2(u, ux , uxx)u2t + L1(u, ux , uxx)ut + L0(u, ux , uxx)
utt = a uxxxx + g(u, ux , uxxuxxx , ut , uxt)
Examples
L = 12
(
ut + uxx − u2x
)2
generalised NLS
L = 12 (ut + uxx)2 + 12u3x pBoussinesq
L =
(
ut + uxx − 12R ′(u)
)2
4 (u2x − R(u))
+ 112R
′′(u), R(v) = 0 Landau-
Lifshitz
Classification of Lagrangians
Examples
1 The NLS Equation
L = 12
(
ut + uxx − u2x
)2
admits the recursion operator
R =M−1 = −ux + 2D−1uxx + D−1Dt .
2 The pBoussinesq equation
L = 12 (ut + uxx)2 + 12u3x
admits
R = 8M1 = −9ut + D−1 · 3uxt +
[
8D − 3uxD−1 − D−1 · 3ux
]
Dt .
Classification of Lagrangians
Classification: possible new equations
10 contact-inequivalent classes of equations. Amongst them, new ones?
L = u
2
t
2
+ a(u) uxut +
u2xx
u4x
+
√
2 a′(u)2ux log ux +
a2(u)
2
u2x + d0(u).
L = u
2
t
2
+  uxut +
u2xx
u4x
+ δ2ux log ux +
2
2
u2x +
δ
ux
, δ 6= 0.
L = u
2
t
2(u2x − 1)
+
βuxut
u2x − 1
+
u2xx
u2x − 1
+
β2
2(u2x − 1)
+
3u2x − 1
3
c(u)
where c ′′′(u)− 4c(u)c ′(u) = 0.
Open problem:
Ascertain integrability by computing a full formal recursion operator
or finding a closed form.
Open problems and questions
The construction of non-formal recursion operators.
Sysygies between (formal) scalar recursion operators: f. ex. related by
an algebraic “curve” a` la Burchnall-Chaundy.
Equations with nonlocal symmetries: the (non-potential) Bousinesq
equation.
ut = vx
vt = f (u, v , ux , vx , . . . , un, vn)
}
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